We study how the synergetic effect of spin-orbit coupling (SOC) and Zeeman splitting (ZS) affects the optical conductivity in the one-dimensional Hubbard model using the Kubo formula. We focus on two phenomena: (1) the electric dipole spin resonance (EDSR) in the metallic regime and (2) the optical conductivity in the Mott-insulating phase above the optical gap. In both cases, we calculate qualitatively the effects of SOC and ZS and how they depend on the relative angle between the SOC vector and the magnetic field direction. First, we investigate the spin resonance without electron correlation (the Hubbard parameter U = 0). Although, neither SOC nor ZS causes any resonance by itself in the optical conductivity, the EDSR becomes possible when both of them exist. The resulting contribution to the optical conductivity is analyzed analytically. The effect of U on the spin resonance is also studied with a numerical method. It is found that at half-filling, the resonance is first enhanced for small U and then suppressed when the optical gap is large enough. In the strong coupling limit U → ∞ at half-filling, we also refer to the resonance between the lower and upper Hubbard bands appearing at ω ∼ U , above the optical gap. A large magnetic field tends to suppress the signal while it is recovered thanks to SOC depending on the relative angle of the magnetic field.
I. INTRODUCTION
Measurements of dynamical response functions are expected to test the validity of existing theories of onedimensional (1D) systems. The dynamical properties in the metallic regime are often well understood in terms of the Tomonaga-Luttinger liquid theory. The Mottinsulating phase [1] , however, is best described by the Hubbard model, which also incorporate the effect of the lattice potential.
In this paper, we are interested in the synergetic effect of spin-orbit coupling (SOC) and Zeeman splitting (ZS) on the dynamical response functions of the 1D Hubbard model, in particular the optical conductivity. We aim to study how spin dynamics affects the optical conductivity through SOC. We focus on two phenomena: (1) the electron spin resonance (ESR) in the itinerant regime and (2) the optical conductivity in the Mott-insulating phase above the optical gap [2, 3] in the strong coupling limit.
ESR measures the absorption of an electromagnetic (EM) wave by electrons in a constant magnetic field and is a useful tool to study the dynamics of electron spins. In a metal with an initial spin-SU(2) symmetry, the constant magnetic field breaks the SU(2) symmetry and the ESR corresponds to the absorption of the magnetic component of the EM wave and has a δ function peak at the energy corresponding the ZS (even with interaction [4] ). However, when the SOC exists, ESR is also possible through the electric component of the EM wave. In this case, the absorption rate of ESR is proportional to the optical conductivity, as shown shortly. Indeed, the SOC creates an effective magnetic field that is proportional to the electron momentum. This is called the electric dipole spin resonance (EDSR) [5] [6] [7] [8] .
In a non-interacting one-band 1D electron system without SOC (e.g. tight-binding model), the optical conductivity has only a Drude weight contribution at ω = 0 and vanishes for ω > 0, σ(ω) = Dδ(ω). In the presence of SOC, the only contribution to σ(ω > 0) is the EDSR. Other contributions at ω > 0 are typically due to umklapp process [9] once interaction are introduced.
Therefore, in a metal with SOC, an ESR experiment measures both the optical conductivity and the spin susceptibility at the spin resonance frequency ω res . The absorption rate of an incident EM wave with frequency ω res and constant amplitudeẼ 0 (along the 1D system) andB 0 is (in the linear response theory) I(ω res ) = 2σ ′ (ω res )Ẽ 2 0 + 2ω res (gµ B ) 2 χ ′′ (ω res )B 2 0 , (1) where σ ′ (ω) is the real part of the optical conductivity, χ ′′ (ω) is the imaginary part of the spin susceptibility (along the direction of the ac magnetic field), g is the Landé factor and µ B is the Bohr magneton. Due to the relative strength of the magnetic dipole contribution and the electric dipole contribution, the magnetic dipole ESR amplitude (the second term in Eq. (1)) is much weaker than the EDSR amplitude (the first term in Eq. (1)) by several orders of magnitude [10, 11] . Indeed, when SOC is of the same order as the ZS, the relative contributions are of the order (a/λ C ) 2 where a is the lattice spacing (typically, a ≈ 5 × 10 −10 m) and λ C = /m e c is the reduced Compton length of the electron (≈ 3.86 × 10 −13 m).
In the first studies of EDSR in a two-dimensional (2D) electron gas [5] [6] [7] [8] , the ZS was considered to be much larger than the magnitude of the SOC. Thus, SOC was treated perturbatively up to first order. In this case, the EDSR signal gives a δ function peak at frequency of the ZS, similarly to the usual paramagnetic resonance. On the other hand, when SOC cannot be treated perturbatively, a resonance appears even without an external magnetic field due to the SOC splitting [10, [12] [13] [14] . Indeed, the SOC breaks the SU(2) symmetry and splits the free-electron dispersion in two branches corresponding to different chiralities, and an electric dipole transition is allowed between the two branches. In this case, the absorption spectrum has a finite width (boxlike shape) around frequencies corresponding to the SOC splitting at the Fermi surface. Studies on response function with SOC have been discussed from various viewpoints. For example, the effect of Coulomb interaction on collective modes in the system with SOC has been studied [15] . The synergetic effect of ZS and SOC on the optical conductivity has been investigated only recently. In the free 2D electron gas, the shape of the EDSR amplitude has been calculated [16] and the effect of SOC and magnetic field on the collective modes has been studied in a Fermi liquid [11] .
However, in one dimension, EDSR is only possible when a static magnetic field is applied with a finite component perpendicular to the internal magnetic field due to SOC, without which the EDSR is not allowed [17] . The effects of the interplay of SOC and magnetic field on the spin resonance has been studied in a free quantum wire [17] and in a Tomonaga-Luttinger liquid [18, 19] .
In the present paper, we study the effect of a lattice potential on the EDSR in the 1D tight-binding (TB) model. The TB model is the simplest model which can capture the effect of the lattice potential and has a cosine-like dispersion relation. More importantly, the SOC Hamiltonian is also changed and adopts a periodic shape with the periodicity of the Brillouin zone. Therefore, the resulting effect of SOC strongly depends on the position of the Fermi energy in the band. In the limit of quadratic dispersion, which corresponds to a Fermi energy lying in the very bottom or very top of the band, the results agree with those in an electron gas [16, 17] .
Without violation of the translational symmetry and without SOC, the gauge field couples directly to the center of mass of the system, and the dynamics of the total current is unaffected by interactions [10] . However, in our case, this is no longer true and the time evolution of the current depends on the interaction. We therefore also study the effect of an on-site Hubbard interaction numerically, using exact diagonalization.
Finally, we also refer to the optical conductivity in the U → ∞ limit of the Hubbard model at half-filling. In this case, the charge degree of freedom is completely gapped and the system is a Mott insulator for any U > 0 [2] . The EDSR is no longer observed in this limit. We study the synergetic effects of SOC and magnetic field on the optical resonances between the two Hubbard bands, separated by the optical gap ∆ opt , at high frequencies of the order ω ∼ U .
The rest of the paper is organized as follows. In section II, we define the model containing both SOC and the ZS, and define the quantities which are necessary for the calculation of the optical conductivity. In section III, we calculate the optical conductivity in the TB model and in subsection III B we analyze the effect of the Hubbard interaction and show exact numerical results for small systems. In section IV we investigate the model in the large U limit and we finally conclude in section V.
II. MODELS A. 1D Tight-Binding Model
We consider a model of interacting itinerant electrons in a 1D crystal with SOC in an external magnetic field. SOC is due to inversion asymmetry of the system, i.e. systems with Rashba SOC caused by the structural asymmetry [20] , and systems with Dresselhaus SOC caused by bulk asymmetry [21] . As a model which can capture the above mentioned physics we consider,
where t is the transfer integral and c † l = (c † l↑ , c † l↓ ), such that c † ls (c ls ) is the electron creation (annihilation) operator at the lattice site l with spin s. Here (σ 0 , σ) denote the identity and the Pauli matrices, respectively, b = (gµ B /2)B where B is the external magnetic field, and U is the strength of the Hubbard interaction. Up to section III A, we discuss the non-interacting limit and we set U = 0. In 1D, the orbital effects of B can always be gauged away. H SO denotes the effective SOC Hamiltonian in the lattice model due to the inversion asymmetry, where λ is the SOC parameter andd is the normalized SOC vector (i.e. the direction of the SOC internal magnetic field), whose direction is assumed constant throughout the system. Once casted onto the Wannier functions, the SOC makes the electrons rotate their spin when they hop between neighbouring sites. Therefore, in a lattice system, the SOC Hamiltonian can be understood as an SU(2) gauge field [22] . The electrons acquire a spin dependent phase, the Aharonov-Casher phase [23] . The resulting SOC Hamiltonian is given by (3). The parameters λ satisfies λ/t = tan(θ/2), where θ is the angle the spin of an electron rotates by whenever the electron hops between two sites.
The Hamiltonian (2) with U = 0 can be rewritten by performing a Fourier transformation as
with
where we set the lattice spacing a = 1. k is the crystal quasi-momentum of the Bloch wave-function.
, where c † ks (c ks ) is the electron creation (annihilation) operator with momentum k and spin s. ∆(k) andn k are defined as
such thatn k has unit length and ∆(k) can be thought of as the effective Zeeman splitting for the wave vector k. Then, using an SU(2) gauge transformation on the spin basis, the energy dispersion is split in two branches corresponding to spin up and down in then k direction. The energy branches are separated by 2∆(k) and are given by
As an example, Fig. 1 shows the dispersion relation with parameters chosen such that the effects of SOC and ZS on the dispersion are very clear (t = 1, λ = 0.3, 
The unitary transformation
and the eigen-operatorc k = (c k+ ,c k− ), which annihilates a fermion with energy given by (8) , is
Let us now define the current operator for the tightbinding model, which will be used to calculate the conductivity. Due to the discrete nature of the system, the definition of current is not obvious. A physically satisfactory definition (see e.g. Ref. [24] ) relies on the polarization operator defined on the lattice as
where x l is the position of the lattice site l and e is the elementary charge. The total current operator j is defined as
One can check that such a definition is consistent with the discrete continuity equation of the lattice system. Plugging the Hamiltonian (2) into Eq. (12), we obtain
where j(k) is analogous to the group velocity of the electrons (j(k) = e∂ k H(k)) and is given by
Only the spin-orbit induced current (j SO ) gives rise to the EDSR signal, while both the "kinetic" current (j K ) and the SO current contribute to the Drude part of the conductivity. In terms of energy eigenstates, the current operator reads
The transformation defined by U k correspond to an SO(3) rotation in R 3 which preserves angles. Therefore, we have the relation
III. OPTICAL CONDUCTIVITY Let a uniform ac electric field be polarized along the
In a lattice model, it is most convenient to introduce the coupling to the field through a scalar potential V (x) = −Ex. The total Hamiltonian is then H ′ = H + EP , where P is the polarization defined in (11) . In the linear response theory, the real part of the optical conductivity at positive frequency ω is given by the Kubo formula as
where L is the length of the system. For non-interacting particles, the linear response can be written in terms of single-particle states |k± =c † k,± |0 , where |0 is the vacuum state (i.e. with no electrons):
where · denotes the grand canonical ensemble average. Therefore n k± = n F (ε ± (k)), where n F is the FermiDirac distribution. With Eq. (19), we can calculate the optical conductivity due to SOC of any free one-band model with translational invariance (continuous or discrete).
The SI unit of optical conductivity is the siemens per meter (S/m). In a 1D system, however, the current density has units of Ampere and thus the 1D optical conductivity (as defined in Eq. 18) has units of simens-meter (S · m). From now on, we set e = 1, together with a and . Within this convention, σ ′ (ω) is unitless. In particular, it is invariant under a rescaling of the energy. σ ′ (ω) has to be multiplied by e 2 a/ to recover the proper units in all the following expressions and graphs. The standard (3D) optical conductivity can be obtained using σ 3D = σ 1D /a 2 ⊥ , where a ⊥ is the lattice spacing perpendicular to the chain direction.
A. Optical conductivity of the 1D tight-binding model Using Eqs. (15) and (16), off-diagonal matrix elements for the current are given by
The optical conductivity then reads
Note that σ ′ (ω) depends on ϕ through both b ⊥ and ∆(k). In one dimension, the Fermi surface is just two points, each of which is in the + or − branch corresponding to left and right moving electrons. At T = 0, only momenta between the two Fermi surfaces, indicated by the shaded regions in Fig. 1 , contribute to the conductivity. Figure 2 shows the optical conductivity at half-filling (E F = 0) calculated with the same parameters as in Fig. 1 We then consider the realistic limit where t ≫ λ ∼ b. In our calculations, we set λ/t = b/t = 10 −3 , which, for t = 100 meV, corresponds to a magnetic field of around 1.7 T. Figure 3 shows the optical conductivity at halfand quarter-filling. With those parameters, the peaks are narrow and all contributing momenta k in Eq. (21) correspond to the same frequency ω res = 2∆(±k F ) up to reasonable numerical resolution. Therefore, we can factorize δ(ω − ω res ) and we only show the multiplying factor, which is plotted in units of t.
The magnitude of σ ′ (ω) depends on E F due to the cos(k) term in (21) , notably at E F = 0 (half-filled) where the signal is highly suppressed due to the small spin-orbit current j SO (k) ∝ cos(k). The optical conductivity is only finite when both b ⊥ and λ are non-zero as σ ′ (ω) is proportional to λ 2 b 2 ⊥ . This is also the case in the corresponding continuum model [17] . This is in contrast to the 2D case where SOC allows a spin resonance by electric field even when b = 0 [10, [12] [13] [14] .
B. Interaction and Hubbard Model
We now study the effect of the Hubbard interaction:t
Here, we investigate the effect of interaction on the spin resonance using exact diagonalization, in small systems. We study the system in two situations corresponding to half-filling (7 electrons in 7 sites) and quarter-filling (4 electrons in 8 sites). In the canonical ensemble, the optical conductivity for ω > 0 is calculated from Eq. (18) and is given by
where |ψ m is an eigenstate with energy E m , ω mn = E n − E m , Z is the partition function and β = 1/k B T is the inverse temperature. In the following, we only discuss the T = 0 situation. The 1D Hubbard model was solved exactly by Lieb and Wu [2] . They showed that at half-filling, the system is an insulator with a finite optical gap ∆ opt , i.e. a gap in the optical absorption, for any positive U = 0. Moreover, away from half-filling, the system is metallic with no optical gap for all U . In our case, U has two effects on the optical conductivity σ ′ (ω > 0): (1) it modifies the EDSR contribution which is studied at U = 0, (2) it enables resonances from the ground state to the new optically allowed states. In this section, we only consider the effect (1), while the effect (2) is discussed in the next section, in the U/t → ∞ limit.
The size of the optical gap has been calculated exactly [3] and approaches ∆ opt ∝ U/t exp{−2πt/U } as U → 0, which means that the gap is exponentially suppressed when U 2t. Those results are still valid with the addition of SOC as its effect can be gauged away (although corrections are needed for a finite size system due to the periodic boundary conditions [25] ), but not with the addition of a magnetic field. However, we do not expect a qualitative change as b is small compared to t. Figure 4 shows the results for the half-filling case with ϕ = π/2 (i.e. b = 0) as well as the exact optical gap ∆ opt in the thermodynamic limit calculated using the results from Ref. [2, 3] . The parameters are set to λ/t = b/t = 10 −3 so that the peak in the response function due to the spin resonance is very narrow (see Fig. 3 ). Therefore, we characterize the spin resonance only by the peak amplitude and its frequency ω res . The amplitude of the spin resonance existing at U = 0 varies continuously and a shift in the frequency ω res is observed, as shown in Fig. 4 (a) and (b) . It is found that for small U , the amplitude is first enhanced. But, as U gets larger, it is suppressed as the optical gap grows and reaches ∆ opt ∼ t, where we naturally expect localized spins to appear. The dynamical spin susceptibility at the spin resonance is shown in Fig. 5 as a function of U . The polarization of the incident ac magnetic fieldB(t) is chosen perpendicular to the static magnetic field b and either perpendicular or parallel to the SOC vectord. The corresponding magnetic susceptibility is denoted by χ ⊥ (ω) or χ (ω), respectively. In the case ofB ⊥d, the effective Zeeman field in Eq. (5), ∆(k)n k , is always perpendicular to the ac magnetic field so that the direction ofn k does not affect the spin resonance, and the amplitude of χ ⊥ is unaffected by SOC and thus the interaction [4] , as can be seen in Fig. 5 . In the case ofB d ,n k is not perpendicular toB and the SOC affects the amplitude of χ ⊥ , so that χ ′′ ⊥ (ω res ) increases with U until it reaches the value it would have without SOC. Indeed, for large U it corresponds to the spin susceptibility of the effective localized spin model discussed in the next section, in which the effect of SOC scales as tλ/U . In any case, the interplay of SOC, ZS and the interaction causes a shift in the frequency ω res of the spin resonance, as shown in Fig. 4 (b) . Figure 6 shows the results for the quarter-filling case with ϕ = π/2 (b = 0) and ϕ = 5π/12 (b = 0). For ϕ = π/2, for small values of U/t, the interaction modifies the amplitude and shifts the frequency ω res . The amplitude converges as U increases, so that the EDSR is not destroyed in the strongly correlated regime. This is in agreement with the results of Ref. [18] in the TomonagaLuttinger liquid. We therefore infer that the EDSR signal is suppressed by interaction only in the insulating phase with a finite optical gap. For ϕ = 5π/12, the spin resonance of the left and right moving electrons occurs at different frequencies as b = 0. We thus observe the evolution of two peaks in the optical conductivity, as shown in Fig. 6 (c) and (d) . As with ϕ = π/2, the interaction modifies the amplitude and shifts the resonant frequencies. Interestingly, only one peak (with the smaller resonant frequency) survives at large U .
IV. LARGE COUPLING LIMIT
Finally, we refer to the large coupling limit U/t → ∞ of the Mott-insulating phase at half-filling. The optical conductivity of the Hubbard model has been exten- sively studied with both analytic and numerical methods at half-filling [26] [27] [28] [29] and away from half-filling [9, [30] [31] [32] [33] .
Note that the EDSR contribution to the optical conductivity discussed in the previous section vanishes in the large coupling limit (see Fig. 4 ). Thus, this contribution is not discussed in this section and we study the effect of SOC and magnetic field on the optical conductivity above the optical gap.
In the large U limit, without SOC nor magnetic field, the charge degree of freedom is gapped with an optical gap between the upper and lower Hubbard bands ∆ opt ≃ U − 4t + 8 ln(2)t 2 /U [3] . Therefore, the optical conductivity is finite only above the optical gap at frequencies ω ≃ U ± 4t at T = 0 [26] . We do not expect this behaviour to change with SOC and magnetic field in the limit that λ, b ≪ t ≪ U .
If we ignore corrections of the order of t/U , there are no doubly occupied sites in the ground state. Using second order perturbation theory, an effective Hamiltonian can be written in terms of SU (2) spin operators in the re-duced Hilbert space generated by states without double occupancy, which reads
The spin z-direction is defined by S z =d · S. At T = 0, the current-current correlation function χ jj (ω), related to the optical conductivity by σ ′ (ω) = Im{χ jj (ω)}/ω, is
where ψ 0 is the ground state of the original Hamiltonian (2) with energy E 0 = O(t), and ψ n are the (optically allowed) excited state with energy E n = U + O(t).
We are interested in the qualitative effect of SOC and magnetic field on the optical conductivity, and thus look for an effective expression of (27) using the Hamiltonian (24) . We also ignore the contribution of order t/U in E 0 and E n , so that σ ′ (ω) has only one contribution at ω = U . Let P S be the projection operator to the reduced Hilbert space. The ground state of (24) is then |ψ s 0 ≡ P S |ψ 0 . The effective current-current correlation function in the U ≫ t limit is
In the U/t → ∞ limit, |ψ s 0 = |ψ 0 and Eq. (28) is exact. Neglecting the variation O(t) of the energy of the ground and excited states due to the dispersion of the bands, equation (28) factorizes and can be expressed in terms of spin operators using
We naturally only find a resonance at the frequency ω = U and the optical conductivity reads
where · S refers to the statistical average using the full spin Hamiltonian (24) (the expression is also valid at finite temperature T ≪ ∆ opt ).
In Fig. 7 we plot the optical conductivity calculated from Eq. at T = 0. The step-like behaviour is due to this finite size effect. We see from Eq. (30) and Fig. 7 (a) that the optical conductivity at ω = U vanishes for large b in the absence of SOC. Indeed, for large values of b, the system becomes magnetically polarized and H ex S converges to LJ z /4. This is not surprising because the hopping is forbidden due to the Pauli principle when all the electrons have the same spin. However, SOC allows the electrons to rotate their spin while hopping. Therefore, the Pauli principle does not completely forbid the hopping and the optical conductivity recovers its finite value depending on ϕ, and is maximal when b and d are perpendicular (ϕ = π/2), as seen in Fig. 7 (b) , (c) and (d).
V. CONCLUSION
In this paper, we have investigated the synergetic effects of spin-orbit coupling and magnetic field in the 1D Hubbard model on the optical conductivity, in particular its dependence on the angle between the SOC vector and the magnetic field.
In the metallic phase (i.e. zero or exponentially small ∆ opt ), due to SOC, the electric dipole spin resonance is possible and dominates over the purely magnetic resonance. We calculated the optical resonance for U = 0 exactly. We described the resonance and observed characteristic dependences on the relative direction of the magnetic field and the SOC vector, and on the Fermi energy. Interestingly, a similar phenomenon has been observed experimentally in quasi-1D magnetic systems with Dzyaloshinskii-Moriya interaction, where the lowenergy theory in terms of spinons is similar to the one for electrons in the metallic regime [34, 35] . The measured magnetic dipole ESR signal similarly splits into distinct contributions from left and right movers, depending on the relative angle of the magnetic field.
Then we described the evolution of the resonance for finite U in small systems using exact diagonalization. We showed that at quarter-filling the Hubbard interaction does not destroy the original resonance but modifies its amplitude and frequency. This reflects the metallic behaviour of the system. In the half-filled case, the resonance observed at U = 0 is enhanced for small U , where the optical gap is exponentially small, but then vanishes when U is large enough, as the optical gap reaches ∆ opt t. The suppression of the EDSR can be understood as there are no gapless spinful particles which couple to the electric field. The magnetic susceptibility, however, is still finite and the magnetic dipole ESR signal does not vanish.
In the half-filling case, we also investigated the system from the strong coupling limit, U/t → ∞. The charge degree of freedom is gapped and the spin resonance is not observed in the optical conductivity. In this case, the optical conductivity has finite contributions around ω ∼ U ±4t, which corresponds to the transitions between the upper and lower Hubbard bands, above the optical gap ∆ opt ≃ U − 4t. We calculated the current-current response function neglecting all O(t/U ) corrections, and showed its synergetic dependence on the external magnetic field and the spin-orbit coupling.
